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In this paper the author would like to state, by giving examples, some matters to be 

attended to in teaching the correlation coefficient. The matters are not new especially, but 

seem to be often ignored or orrly briefly touched on. Further, the relation between the 

correlation coefficient and the affinity of the distributions concerned is referred to in the 

Gaussian case. 

1. In teaching multivariate analysis the correlation coe%cient is usually treated. Let f stand 

for the correlation coefflcient of two variates X, Y. In school students normally learn that 

( i ) r is conecerned with linear relationship between X and Y, 

(ii) -1 5 r5 1 

( iii) r = + 1 when and onlv when Y = u_X + b zu. p. 1, a, b being constants. L 

etc. 

Further, students leam that 

(iv) when r = 0, X and Y are said to be uncorrelated. 

Now, we often notice that students tend to consider that: 

(a) when the value of the correlation coeficient is large ( small ), the relation between 

the two variates is close to the linear-, thus, when r = 0.9 or 0.95 the relation is 

nearly linear-; 

(b) when the value of the correlation coefficient is zero or near zero the two variates 

have no or almost no functional relation; 

or 

(c) when the value of the correlation coefficient is positive ( negative ) , the value of Y 

becomes larger ( smaller ) as a whole, as the value of X becomes large. 

Of course, these are not always correct, but students who hold these ( a ), ( b ), ( c ) to be correct are 

liable to make wrong interpretations of the results they obtain in their research of real problems. 

Therefore, it is necessary to ca11 students’ attention to the matters. The best way for that Will be to 

show them counter-examples to each of ( a ), ( b ), ( c ) . 

In the following, we Will give counter-examples. Similar examples may be found in the 

literature, but ours are a little more detailed or different. 

2. Example 1 ( to ( a ) ). 

Let X be a random variable uniformly distributed over [ 0 ,G ] , G being any positive 

number, and let Y = x”, a being a positive number. Then, the correlation coe%cient of X and 

Y is independent of G, and for varying a, we have: 
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a 

0.1 
0.5 
0.8 
1 
1.2 
1.5 
2 

Cor(X, Y) 

0.9035 
0.9798 
0.9974 
1 .oooo 
0.9980 
0.9897 
0.9682 

( see ( 5 ) ). It is easy to see, especially when G is large, that for a + 1 the relation between X 
and Y is not close to linearity. Here “being close to” is a somewhat subjective notion. However, 
everyone Will agree that y = ti5 or y = 2.’ is not close to y = x. As to y = ~8~~ or y = 
x’.2 ( corresponding to t = 0.9974, 0.9981, respectively ), we have, for instance, 200.*- 20 = 
10.98 - 20 = -9.02 ; 20” - 20 = 36.41- 20 = 16.41. As we can take as large G as we like, 
we can obtain much larger differente values. This means that y = fl8 and y = x’.’ are 
distant from linearity when the bound G is large. The same can be said for y = f with any 
positive a( f 1 ). 

This example shows that even for a large value of the correlation coefficient of X and Y 
we can not consider unconditiondi’y that the relation between X and Y is close to linearity. 

Example 2 ( to ( b ) ). 

Let X = cos 0, Y = sin 8, 8 being uniformly distributed over [ E, 2 z ] , 01 E < 2 n. 

Then we have X2 + Y2 = 1 , and Cor ( XY ) + 0 ( E - 0 ). Especially, when E = 0, 

Cor( X, Y) = 0. 

This example shows that even when the correlation coefficient between X and Y is zero or 

small there can be a relation between X and Y . 

Example 3 ( to ( c ) ) 

Let (X, Y)take( 1, - 1 ) , ( 2, -2 ) , ( 3, -3 ) , ( 4, -4 ) , ( 5,20 ) each with probability 1/5. 

Then we have 

Cor( X, Y) = 0.62 

Concerning the first four points Y decreases as X increases. 

This example shows that even when the correlation coefficient between X and Y is positive Y 

does not always increase as a whole as X increases. 

3. As is seen from the above mentioned, 

it is ris@ to presume the relation between two variates only @om the numericul 

vulue ofthe correlation coefficient. Therejb-e, it is still more risky when the vulue 

ofthe correlation coeficient is calculutedj~om u sumple. 

Students ought to memorize this to avoid making errors. It is ofien noticed that students see only 

numerical values obtained through computers. 

4. Then the problem Will arise: how does the correlation coefficient work in general? In 

Gaussian cases, the correlation coeffrcient seems to express the situation of the two variables 
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concemed between independence and linearity. In fatt, we can show it by means of the afflnity of 

the distributions related to the joint distribution of the two variables ( see, for example, (2)). The 

afflnity is defined as follows. 

Let F and G be distributions in the space R with measure m , and let f and g be 

their density functions w. r. t. measure m , respectively. Then the afflnity of F and G is 
defined as 

p (F: (; ) = 
5 

(fg)fdm . 

For this p we have 0 5 p 2 1 and when and only when F = G, p = 1 

Further, when we consider the distance between F and G , 

d#:G)= &-&&i- 

we have 

&(F,G) = 2(1- p) 

Thus we can see that ki represents closeness between F and G. 

Let ( X1, X2 > be distributed as the Gaussian F = N 0 ( .[z. z,$, ( qz= o,,), and let F, , 

F2 be the marginal distributions of X, , X, , respectively. Further, let G be the distribution 

~q~l :_il, that is, the direct product of Fl and F2 . Let p denote the afflnity of F and G, 

and let r denote the correlation coefflcient between X! and X2 . Then as a relation between 

p and r we have 

L 

P= 
2(1- r2), 

(4 - r2 +- 

( see (4) ), Through this relation we can see that the correlation coefflcient r is connected to the 

distance between F and G . As to this relation we have: 

f 

0.0 1 .OOOO 
0.1 0.9987 9.5873 
0.3 0-9879 6.3688 
0.5 0.9611 4.684 1 

0.7 0.902 1 3.3540 
0.9 0.7393 1.9395 
1.0 0.0000 0.0000 

P -1ogJ l- P 1 

5 S. In the above, we have mentioned about the Gaussian distribution. However, we can hardly 

expect that real phenomena are ~fih’y described by the Gaussian distributions. When dealing with 

real phenomena we ofien observe outliers. It is advised to let students know about those matters. 

On the other hand, we have to consider methods of treating the problem which reduce the 

influence of outliers. 

6. When we treat the correlation coefficient we have to consider in what situation X and Y 
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appear. It is very important to make students grasp the correlation graphically. That is, let 

(x, 7 yr ),(x2 2 y2 )7*** , (x, , yn ) be observed values of ( X, Y). Make students plot them on the 

plane and look at the scatter of the points carefully. Then they Will obtain some idea of the 

correlation of X and Y. They Will notice the existence of outliers, too. As a smmary of these 

points, we can consider a (resistant ) fitted line to the scatter of those points. ( See, for example, 

(1) ) . By a fitted line we can roughly grasp how X and Y correlate. 

Now, when a fitted line well represent the whole points of a data set, that is, the plot of the 

data set shows basically the straight line trend except for some randomness, we say, as is known, 

that the data set has a linear structure. Then, as to the correlation coefficient, it Will be 

recommended to consider it in cases of data sets with linear structure or of data from distributions 

like the Gaussian. Therefore, when we consider the correlation coefficient it is important to plot 

the data and regard the figure at the same time. We should make students bear the matter in mind. 

Further, it Will be better to make them understand that the correlation coefficeient of two variables 

is their dimensionless covariance and this alone Will not give much information about their 

relationship or their (joint) distribution (except for the Gaussian). ( Of course, the correlation 

coeficient with the value 1 tells us linearity. ) 
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RÉSMÉ 

Duns cct urticle l ‘uuteur prgsente yzrelyues wjets U remurquer en enseignement du 

coejficient de corrélutwn. En plus, il donne une relution entre le coeificient de corrélution 

et I ‘ufiinité des distributions concernées duns le cm guussien. 
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